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Abstract— Energy has allowed the development of our 

society and currently, the hydrogen-powered fuel cell is the most 

promising energy source of the future since it would help to 

eliminate serious problems such as climate change and economic 

inequality. The fuel cell converts the chemical energy of the 

reactants used into electrical energy and produces water and 

heat as by-products during its operation. The proton exchange 

membrane fuel cell is expected to play a key role in the future 

energy system due to its favourable characteristics and its 

application in mobile phones, electric vehicles, distributed 

power systems, submarines and aerospace applications. To 

optimize the operation of the fuel cell, models have been 

developed that represent it as a structural, dimensional, thermal 

and state system, which requires —as a contribution to 

technological development—, a strategic and systemic vision. 

The document analyzes the technique of numerical methods, to 

ensure optimal operation of the Proton exchange membrane fuel 

cell, addressing non-linearities of electrical behaviour and the 

imprecision of the physical world.  

Keywords—Sustainability, renewable energy, economic 

inequality  

Abbreviations 
2D Two dimensions 

3D Three dimensions 

CFD Computer fluid dynamic 

GDL Gas diffusion layer

LBM Lattice Boltzmann method 

NS Navier-Stokes 

PEMFC Proton exchange membrane fuel cell 

PEM Proton exchange membrane 

PNP Poisson–Nernst–Planck 

PSPC Partially separated-partially coupled 

PTFE Polytetrafluoroethylene 

VOF Volume of fluid 

I. INTRODUCTION

The fuel cell is one of the pillars to achieve an economy 
based on renewable energies [1,2] and its optimization has 
been a great challenge that, to achieve it, has used stochastic 

methods [3], approximate reasoning techniques [4, 5], fuzzy 
logic [6], distributed intelligence for autonomous control of 
the stack [7] and artificial intelligence with different 
algorithms. Mathematical modelling techniques allow 
analysing variables and parameters related to temperature, 
pressure, reagent moisture, membrane moisture, and 
electrochemical reactions [8]. 

The non-uniform distribution of flows in PEMFC cells 
occurs when several cells are assembled to obtain high output 
powers. This problem causes flooding and hot spots that end 
up affecting battery life and performance. To study the 
distribution of flows and droplet dynamics, it is preferred to 
use mathematical modelling and numerical simulations, 
including Volume of Fluid (VOF), Lattice Boltzmann (LBM) 
and optical photography, to reduce costs and complexities on 
a small scale [9 ]. Numerical methods have allowed us to 
analyze different types of channels, condensation and water 
transport in the perforated and non-perforated GDL diffusion 
layers, and even their deformation due to the pressure exerted 
in the assembly process [10]. 

One of the works of flow field analysis in the collecting 
channel used the analytical model of multiple flow volumetric 
balance instead of the macroscopic energy balance and 
proposed an analytical model with a simple and numerically 
validated criterion, which allowed to determine the uniformity 
of flows [11]. On the other hand, a two-block channel for mass 
transport in the cathode channel showed that, under different 
operating conditions, the stack improves its performance [12]. 
Another study developed a new channel for the cathode, 
partially separated-partially coupled (PSPC), considering that 
a good flow field at the cathode reduces heat and mass transfer 
losses. The results indicated improvements in the removal of 
water from the cathode and improvements in the distribution 
of heat and water, obtaining a 13.5% higher current density 
than would be obtained with independent cooling channels 
[13]. 
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In the same line of the analysis of the flow fields, the 
condensation mode and condensation circulation mode were 
applied to reduce the amount of liquid-water in the anode and 
reduce the risk of flooding of the PEMFC. The results of the 
condensation circulation mode are better than those of the 
circulation mode [14]. The PEMFC with a dead-end anode 
allows efficient use of hydrogen, besides that the hydrogen 
supply systems are simple [15]. 

Regarding the flows in the GDL, these depend on the 
design of the channels and the construction of the GDL. The 
GDL can be of a single layer —macroporous— or of a double 
layer —macroporous and microporous—. The macroporous 
layer serves to distribute the gases and collects the current and 
the microporous to manage the flow of water [16]. One of the 
investigations analyzed the gas-liquid flow with a VOF-3D 
model and different charges of polytetrafluoroethylene 
(PTFE) —widely used to improve the hydrophobicity of 
GDLs—. The predictions were compared with the LBM and 
with the experimental results and allowed to contribute to the 
study of the effects of PTFE on water dynamics [17]. Another 
of the studies analyzed the heat and mass transfer in the GDL 
using a gas-liquid-solid model. The results indicated that 
liquid water transport has a low impact on electrical 
conduction and that the model can provide a temperature 
distribution in a compressed DOF [18]. 

The objective of this work is to develop a mathematical 
model that, solved numerically using Octave —computing 
language oriented to matrix numerical calculation—, allows 
us to graphically understand the behaviour of electrical 
potential; of the conductivity, density and distribution of 
electrical density at the electrode-membrane border. The 
model does not consider the effect of the membrane and 
assumes that the charge accumulates on the electrode surface, 
originating in the Gouy-Chapman-Stern double layer. 

II. THE MATHEMATICAL MODEL FOR PEMFC 

The transport of the reactants hydrogen and oxygen is 
carried out through the gas flow channels and the gas diffusing 
layers[19]. 

A. Transport through gas flow channels 

The gas diffusion channels are normally made of non-
porous graphite and have characteristics such as adequate 
channelling to allow the passage of reactants from the ducts to 
the electrodes and to evacuate the water from the cell. They 
are chemically stable because they are in contact with 
hydrogen and oxygen and have high electrical conductivity, 
mechanical resistance, and thermal conductivity. 

Since the gas transport is related to the geometry of the 
channels, which is in the scale of mm or cm, for the analysis 
of mass transport, concepts related to the convection process 
are required; that is, fluid dynamics [20]. Consequently, it is 
an application of the conservation theorem to the fluid flow 
process and this in turn allows defining of the motion of a 
particle in a fluid through the Navier-Stokes equations 
[21,22]: 

𝜕𝓿

𝜕𝑡
+ (𝓿 ∙ 𝜵)𝓿 = −

1

𝜌𝑓

𝜵𝑝 + 𝜐𝛻2𝓿                      (1) 

Where: 

 η: Dynamic viscosity   

 𝜉: Volumetric viscosity  

 𝜐: Kinematic viscosity 

 𝜌𝑓: Fluid density 

 𝓿: Fluid velocity. 
 

B. Transport of reactants through the gas-diffusing layers 

The diffusion layers evenly distribute the reactants to the 
catalyst layer and provide good electrical contact, both with 
the catalyst layers across the entire surface and with the gas 
diffusion channels. They are usually made of carbon paper 
with Teflon, coated with a platinum-containing catalyst to 
improve the speed and efficiency of the electrochemical 
reaction that occurs there and consequently obtain a high 
current [23]. 

Since the gas transport is related to the structures and 
porosities of the diffusing layers which are in the [µm] or [nm] 
scale, it mainly requires concepts related to the diffusion 
process. The motion of a particle in diffusion is defined by the 
Nernst-Planck equations, therefore: 

𝜕𝐶𝑖

𝜕𝑡
+ 𝓿𝒇. 𝜵𝐶𝑖  −  𝐷𝛻2𝐶𝑖 =

𝜕𝐶𝑖

𝜕𝑡
+ (𝐶𝑖𝜵. 𝓿𝒇 + 𝓿𝒇. 𝜵𝐶𝑖)  −  𝐷𝛻2𝐶𝑖 = 𝟎  (2) 

If the flow is incomprehensible 𝜵. 𝓿𝒇 = 𝟎  (and having 

considered diffusion-convection):  

𝜕𝐶𝑖

𝜕𝑡
+ 𝓿𝒇. 𝜵𝐶𝑖 = 𝐷𝛻2𝐶𝑖                              (3) 

Due to the complexity and limitations to measuring 
transport phenomena within porous media -particularly in 
PEMFCs-, numerical simulations with CFD, the Boltzmann 
grid method [24], the Fick and Maxwell diffusion equations– 
Stefan [25] and the pore network have received such attention 
that the microstructure of porous materials can now be 
accurately reconstructed [26]. 

C. Numerical model 

To better appreciate the physical-chemical behaviour of 
the PEM fuel cell and facilitate the solution of the transport 
problem, the equations are written in a dimensionless form, 
being able to describe the phenomena regardless of the 
magnitude of the scales. The Navier-Stokes and Poisson-
Nernst-Planck (NS-PNP) equations that model the fuel cell 
are: 

𝜕𝓿

𝜕𝑡
+ 𝓿 ∙ 𝛻𝓿 = −𝜵𝒑 +

1

𝑅𝑒

𝜵2𝓿                           (4) 

𝜵 . 𝓿 = 0                                                                     (5) 

−𝜖2𝜵2𝜑 = 𝜌𝑞 
                                                           (6) 

𝜌𝑞

𝜕𝑡
+ 𝓿𝒄𝒐𝒏𝒗  .  𝜵𝜌𝑞 =

1

𝑃𝑒

𝜵 . (𝜵𝜌𝑞 + 𝜎𝜵𝜑)           (7) 

𝜎

𝜕𝑡
+ 𝓿𝒄𝒐𝒏𝒗 .  𝜵𝜎 =

1

𝑃𝑒

𝜵 . (𝜵𝜎 + 𝜌𝑞𝜵𝜑)              (8) 

Where: 

𝑅𝑒 =  
𝜌𝑓𝓋𝐷ℎ

𝜂
                                                            (9)  
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𝑅𝑒𝑙 =
𝜌𝓋𝑟𝑒𝑓

2

𝑅𝑇𝐶𝑟𝑒𝑓

                                                          (10) 

𝑃𝑒 =
ℎ𝓋𝑟𝑒𝑓

𝐷
                                                              (11) 

𝜖 =
𝜆𝐷

ℎ
                                                                      (12) 

𝜆𝐷 = √
𝜖𝑆 𝑅𝑇

𝑧2𝐹2𝐶𝑟𝑒𝑓

                                                    (13) 

𝑅𝑒 is the Reynolds number for rectangular channels, 𝑅𝑒𝑙 

is the electric Reynolds number, 𝑃𝑒 Péclet number and 𝜆𝐷 

Debye length. 
The boundary conditions (electrodes) are: 

𝓿 = 0                                                                         (14) 

𝝀𝒔

𝒉
𝜵𝝋 .  𝒏 = 𝑽𝒛                                                         (𝟏𝟓) 

(𝜵𝝆𝒒 + 𝝈𝜵𝝋) .  𝒏 = −𝑹(𝝈, 𝝆𝒒 , 𝑽𝒛)                     (𝟏𝟔) 

(𝜵𝝈 + 𝝆𝒒𝜵𝝋) .  𝒏 = −𝑹(𝝈, 𝝆𝒒 , 𝑽𝒛)                     (𝟏𝟕) 

If the flow develops completely at the entrance or exit of 
the channel, the boundary conditions would be: 

𝒑𝒏 −
𝟏

𝑹𝒆

𝜵𝓿 .  𝒏 = 𝟎                                               (𝟏𝟖) 

𝜵𝝋 . 𝒏 = 𝜵𝝈 . 𝒏 = 𝜵𝝆𝒒 . 𝒏 = 𝟎                            (𝟏𝟗) 

 

D. Case 1: Stable NS-PNP solution (v=0 ) 

Assuming that 𝜆𝑆  is a “macroscopic distance” the charge 
density is small compared to the total concentration and 

therefore, 𝜌𝑞  ≌ 0  𝑎𝑛𝑑  𝜖 =
𝜆𝐷

ℎ
→ 0.  From the NS 

equations, if 𝓋 = 0: 

𝟎 = −𝜵𝒑                                                                    (𝟐𝟎) 

While those of PNP are reduced to: 

𝝐𝟐𝜵𝟐𝝋 = 𝟎                                                               (𝟐𝟏) 

𝜵 . (𝝈𝜵𝝋) = 𝟎                                                          (𝟐𝟐) 

𝜵𝟐𝝈 = 𝟎                                                                    (𝟐𝟑) 

In the interval: −1 + δ ≤  𝑦 ≤ 1 −  δ        

In the asymptotic regime, δ≈ 0 and assuming that there 

are only variations in the direction, the slope is proportional to 
the current direction j. Finally:  

𝝈 = 𝟎. 𝟓 − 𝒋𝒙                                          (𝟐𝟒)  

In terms of In terms of 𝜎−:  

𝝈 = 𝝈− + 𝒋(𝟏 − 𝒙)                                (𝟐𝟓)  

Similarly: 

𝝋(𝒙) = 𝝋− + 𝒍𝒏 (
𝝈

𝝈−

)                          (𝟐𝟔) 

The current limit j=0.5 corresponds to zero conductivity at 
the cathode and φ satisfies Poisson's equation (7) only if:  

𝝆𝒒 = 𝒋 (
𝝐

𝝈
)

𝟐

                                            (𝟐𝟕) 

E. Case 2: Dynamic NS-PNP solution (v=0)           

For this case (which is a generalization of case 1), the 
solution of NS is decoupled from the PNP equations. If v 
satisfies the NS equations, the stationary solution for σ and φ 
satisfies the PNP equations. When  𝜌𝑞 = 0 the PNP equations 

reduce to: 

−𝜖2𝜵2𝜑 = 0                                                             (28) 

𝜵 . (𝝈𝜵𝝋) = 𝟎                                                           (29) 

𝓿𝒄𝒐𝒏𝒗 . 𝜵𝜎 −
1

𝑃𝑒

𝛻2𝜎 = 0                                        (30) 

Case 2.1: v=(0,1): 

This case leads to the equations: 

𝜵 . (𝜎𝜵𝜑) = 0                                                           (31) 

𝛻𝜎 −
1

𝑃𝑒

𝛻2𝜎 = 0                                                      (32) 

𝜕𝜎

𝜕𝑦
=  

1

𝑃𝑒

(
𝜕2𝜎

𝜕𝑥2
+

𝜕2𝜎

𝜕𝑦2
)                                          (33) 

With boundary conditions: 

𝝈(−𝟏, 𝒚) = 𝝈+                                                          (𝟑𝟒) 

𝝈(𝟏, 𝒚) = 𝝈−                                                               (𝟑𝟓) 

𝝈(𝒙, 𝟎) = {
𝝈+ 𝒔𝒊 − 𝟏 ≤ 𝒙 < 𝟎,
𝝈− 𝒔𝒊 − 𝟎 ≤ 𝒙 < 𝟏

                             (𝟑𝟔) 

 

If the cell is long then Pe is small and the solution is that 
of case 1. Assuming that σ(x,y) has a natural and a forced 
component:  

𝝈(𝒙, 𝒚) = 𝝈𝒏 (𝒙, 𝒚)+𝝈𝒇(𝒙)                                    (𝟑𝟕) 

Where 𝜎𝑓(𝑥) is the stable solution (𝓋 = 0)  

𝝈𝒇(𝒚) = 𝝈− + 𝒋(𝟏 − 𝒙)   ;  𝟎 <  𝒋 ≤  𝟎. 𝟓           (𝟑𝟖) 

𝜎𝑛  (𝑥, 𝑦) is the transient solution that decays exponentially 

in x, that is, lim
𝑥→∞

𝜎𝑛(𝑥, 𝑦) = 0.  The method of separation of 
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variables can be applied to convert the partial differential 
equation into ordinary differential equations and the solution 
is expressed in the form: 

𝝈𝒏(𝒙, 𝒚) = ∑ 𝑪𝒏

∞

𝒏=𝟏

𝒆
(−

𝑷𝒆
𝟐 )[√𝟏+(

(𝟐𝒏−𝟏)𝝅
𝑷𝒆

)
𝟐

−𝟏]𝒚

𝒔𝒆𝒏((𝟐𝒏 − 𝟏) 𝝅)𝒙    (𝟑𝟗) 

𝑪𝒏 = 𝒋 [
𝟐

𝒏
(−𝟏)𝒏+𝟏] +

𝟐

𝟐𝒏 − 𝟏
 ( 𝝈− − 𝝈+)          (40) 

III. ANALYSIS OF RESULTS 

Graphs 1, 2 and 3 do not present labels on their axes, 
because their equations were written in a dimensionless form, 
precisely to describe the phenomena regardless of the 
magnitude of the scales. 

The graph. 1 describes the results for case 1, that is, the 
curves of the electrical conductivity σ, of the charge density 
𝜌𝑞 and of the electrical potential φ. Analysing the graph of the 

potential for various values of Jv, it is observed that  j = 0.5 
represents zero conductivity at the cathode.   

Graphs 2 and 3 present the result for the dynamic NS-PNP 
solution (v = 0). From the graphs, an overshoot and an 
undershoot in the electrical conductivity can be observed. The 
model describes the dynamic operation of the PEMFC 
considering the transients produced by the transport of the 
reactants and by the electrochemical reactions.     

The results are validated with those obtained by other 
analyses, in which the equation had a different form; for 
example, with the results obtained by [27] who found the 
following equations: 

        𝜎(𝑥, 𝑦) = 𝜎−  +  𝑗(𝑦 + 1)  +  

(𝜎+ − 𝜎−) ∑ 𝐶𝑛

∞

𝑛=1

𝑒
− 

𝑃𝑒 
2

(√1+(
𝑛𝜋
𝑃𝑒

)−1) 𝑥
   𝑠𝑖𝑛 (

𝑛𝜋

2
(𝑦 + 1))    (41) 

𝐶𝑛 =
2

𝑛𝜋
(𝜎+ − 𝜎−) 𝑐𝑜𝑠 (

𝑛𝜋

2
)                    (42) 

Where it is observed that the exponential factor is the 
same, but not the sinusoidal function or the value of the power 
series. 

IV. CONCLUSIONS 

If the numerical models are considered, they have allowed 
validation of the dynamic response of the electrical 
conductivity of the fuel cell, both for the stationary state and 
for the dynamic state considering a 2D model, in the (x,y) 
plane, obtaining the respective surface curve in which an 
overshoot and an undershoot of electrical conductivity can be 
observed. These transients must be considered if adequate and 
efficient control of the PEMFC is required. 
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